Temporal asymmetries of fluctuation paths in nonequilibrium microscopic shearing systems are observed for the first time. Inspired by theories that predict asymmetry of fluctuation paths in stochastic dynamics, we focus on deterministic reversible particle models, which represent a small part of a macroscopic system. We have monitored and measured the asymmetry of the fluctuation paths of various observables as they go away from and towards the mean. The understanding of such asymmetries may scatter light on how irreversibility emerges from the microscopic reversible dynamics and on the behaviour of mesoscopic (nanoscale) systems.
Introduction
Stochastic models, such as Langevin dynamics, are often used to describe mesoscopic (nanoscale) systems. It has been proven that the usual stochastic models for nonequilibrium thermodynamic stationary states predict a break of symmetry in fluctuations of thermodynamic properties of fluids in nonequilibrium states [1] [2] . The theories that describe the behaviour of these systems extend the Onsager-Machlup fluctuation theory [3] to the nonequilibrium and non-linear domain. Temporal asymmetries have been experimentally observed on stochastically perturbed electrical circuits analogous to a form of Brownian motion in a force field with weak white noise [4] . Once proven that the stochastic models show asymmetric behaviour in the fluctuations of their properties, the following question arises: would asymmetry in fluctuations of thermodynamic properties occur in models of microscopic systems, which are reversible and deterministic? The manifestation of asymmetry in these models would be a manifestation of thermodynamic irreversibility. In this paper we therefore proceed to show that such microscopic systems exhibit temporal asymmetries as observed in the stochastic systems. In fact, this confirms that the asymmetry is not an artefact of the stochastic model and the stochastic (mesoscopic) description can therefore be seen as a reduced representation of the deterministic (microscopic) dynamics. In the attempt to establish a link between the microscopic and mesoscopic descriptions of matter, it is necessary to confirm that a globally irreversible behaviour can arise in systems formed by a great number of particles, that evolve according to reversible laws; the interactions between the elementary constituents of matter are indeed reversible. In this attempt we resort to the use of Molecular Dynamics, which allows us to compute the thermodynamic properties of physical systems by simulating the dynamics of their microscopic components. Once these coordinates are obtained, it is possible to obtain from them, via Statistical Mechanics, the thermodynamic properties of the represented system.
The project takes inspiration from the theories recently developed by Bertini, De Sole, Gabrielli, Jona Lasinio and Landim [1] [2] . Such theories predict asymmetry in the exceptional fluctuations of thermodynamic properties of nonequilibrium mesoscopic systems, modelled by stochastic processes. In particular, these theories lead to the introduction of a term in the "adjoint" hydrodynamic equations -the equations describing the fluctuations away from the nonequilibrium steady states-:
which has no counterpart in the usual hydrodynamic equations -the equations describing the relaxation toward the nonequilibrium steady states):
where D * is, in general, non local and different from −D . The theories apply to stochastic lattice gases that admit the hydrodynamic description. Such a theory is supposed to hold more generally, under some assumptions [1] [2], if the mesoscopic evolution is given by a Markov process X t , that represents the configuration of the system at time t. If mesoscopic systems admit a stochastic description exhibiting asymmetries in the fluctuations of their thermodynamic properties, such asymmetries should, in principle, be observed in the simulation of the microscopic systems of which they are comprised, although these are reversible and deterministic.
The Molecular Dynamics model
The purpose of the paper is to understand how asymmetric fluctuations can arise in nonequilibrium thermodynamic systems composed of particles with reversible dynamics. The system must therefore be composed of particles evolving according to reversible dynamics in a nonequilibrium steady state (with production of entropy). Therefore we consider a system whose particles interact in a reversible fashion, as described by the Weeks-Chandler-Andersen potential [5] :
Where V LJ (r ij ) is the two-body Lennard-Jones potential :
ε and σ are specified parameters; r ij is the separation between each pair; r min = 2 σ and then shifted up so that the potential and its derivative are zero at the cut-off radius [6] . In order to efficiently represent a microscopic part of a macroscopic system without incurring large boundary effects, the simulation program implements periodic boundary conditions. To calculate the inter-particle force acting on a given particle in the primitive cell, the program detects the closest periodic image of the other particles in the cell. Since our attention is towards phenomena that take place in a nonequilibrium steady state, in this paper we deal with that of Couette flow, which we will represent by the dynamics of the so-called SLLOD model of shear flow. This model is a combination of the set of equations of motion and of properly imposed boundaries conditions. The equations of motion that drive the trajectories of the particles are the following:q
whereq i are the laboratory coordinates of the particles;ṗ i the peculiar momenta; F i the internal forces (the forces that particle i feels due to the interaction with the other particles that form the liquid); γ is the strain rate. We denote by S t Γ the solution of Eqs. (5) with initial condition Γ ∈ M, where M is the phase space of the system. In order to model Couette flow, which has streaming velocity u x = γy, the equations of motion must be supplemented by proper boundary conditions.
It has now become customary to use the Lees-Edwards sliding brick boundary condition [7] [8]. To obtain a steady state and avoid a constant heating of the system, it is necessary to apply an artificial thermostat: in fact it is possible to express the adiabatic heating effect (that without the thermostat) in the following form:
where
+ F xi q yi /V is the dissipative flux or shear stress. In the simulation performed we make use of the Gaussian isokinetic thermostat ζ , which keeps the kinetic temperature fixed [7] . These equations of motion can be derived using Gauss' principle of least constraint so that the trajectories actually followed by our system are those which deviate as little as possible, in a least square sense, from the unconstrained ones.
The SLLOD equations of motion are time reversal invariant under the Kawasaki mapping i K , which inverts the sign of the component of the molecular momenta in the direction of the applied velocity profile and the sign of the perpendicular laboratory coordinate,
3 Deterministic fluctuation paths Here we adopt one that has been considered in the past [11] and seems to be a physically reasonable and computationally efficient definition. In practice, we wish to compare the paths that take the property away from its mean value with those that bring it towards this value. In our selection of the trajectory segment, we define a threshold T and monitor paths that go toward and away from this threshold value; the time interval 2τ over which the path is considered is a parameter that must be chosen. In order to take account for differently skewed properties, let us consider two also in past studies [11] . The first case is computationally simpler. To quantify the asymmetry, we define an asymmetry coefficient as follows: given any FP of width 2τ and threshold T , we define the measure of asymmetry α τ of the FP as:
In order to provide a better understanding of how asymmetry arises in the FP, α τ will be plotted for different values of τ . Other approaches have also been considered (such as assessing the behaviour of the FP beyond the threshold) with similar results; therefore we restrict our present analysis to the FP defined above, because conceptually and computationally clearer and more convenient. Provided α τ is not null, the FP is asymmetric. However, if a null result was obtained we could not have definitively ruled out asymmetry, as it might be an artefact of the method adopted.
Numerical results
The FP around steady states of a number of properties have been considered (shear stress, pressure, potential and total energy). Here we focus on two properties: one that is even under time reversal and of one that is odd. The shear stress P xy is odd under time reversal symmetry and is, in particular, the flux coupled to the force that drives the system out of equilibrium, the strain rate: it is therefore toward the FP of P xy that our attention is directed. As for the even property, we chose the pressure P . Lennard-Jones reduced units [6] will be used throughout this report. Two-dimensional molecular dynamics simulations have been carried on a primitive cell containing 8 particles with kinetic temperature fixed at 1 and time step of 10 −3 . This system is characterized by instantaneous values of the thermodynamic properties, which fluctuate with time. We consider an equilibrium system as well as a range of nonequilibrium systems (γ = 0.05, 0.1, 0.2, 0.3, 0.5, 1, 2, 3, 4) , extending from the linear regime to well into the nonlinear regime. We note that at high strain rates, non-physical behaviour is observed in this model, due to the formation of a "string phase" produced by the thermostatting mechanism [12] . However in this work we are not particularly concerned about this problem because our aim is to describe the temporal behaviour of the FP of a generic reversible dynamical system.
Sets of ten independent simulations of at least 3 × 10 3 time steps have been launched for each strain rate, in order to determine the mean and the standard deviations of P xy and pressure, so to set the thresholds. These means and standard deviations of P xy and pressure are reported in Table I . From the data we can see that the linear regime extends to approximately γ = 1. Large fluctuations (several under the mean for P xy and above it for pressure; the same does not happen for the values of P xy at equilibrium, since they are symmetrically distributed around zero, which is their mean. The bias in the mean and deviations from the mean can be understood by considering the microscopic expressions for the properties considered; in addition the bias in the mean of properties that are odd under time reversal is predicted by the fluctuation theorems which also give quantitative information on their distribution [9] . On the basis of these data, sets of 10 -20 simulations of 3 × 10 8 time steps have been launched for each strain rate. During each run the FP corresponding to two different thresholds are collected for both P xy and pressure. Thresholds are set equal to µ − 1.5σ and µ − 2.5σ for P xy and to µ + 1.5σ and µ + 2.5σ for pressure. These FP are collected for a time interval of duration 1.
Our analysis will focus on the average and on the most probable FP, obtained from two-dimensional histograms of the values of P xy and pressure, constructed collecting such values on rectangular grids with cells of width equal to the time step (in the direction of time) and of height 2 × 10 −2 (in the direction of the observable). Figure 2 shows the trough FP of P xy for various fields, with threshold set to µ − 2.5σ. Figure 2a is the mean FP, while 2b is the most probable one. Figure 3 shows the values of α τ of the FP's; Figure 3a shows α τ of the mean FP while Figure 3b the corresponding for the most probable one. The average and most likely FP's are obtained as averages of these runs and so are the α τ 's. These values are plotted with error bars that are so small that the average α τ 's practically coincide with α τ 's of the corresponding average FP's. Importantly, for γ = 0, the α τ (of average and most likely FP of P xy ) is zero to within numerical error at all times. This is an independent check of the adequacy of our model, that produces symmetric FP with no strain rate applied, in accordance with equilibrium reversible deterministic dynamics and with the Onsager-Machlup theory for equilibrium systems [3] . Furthermore, at all other γ, asymmetry is evident: we can see that the α τ initially increases departing from 0; it reaches a maximum ατ and starts decreasing. This behaviour is explained as follows.
From the definition of α τ , it is obvious that this quantity vanishes at τ = 0; as τ increases, α τ may increase, decrease or remain equal to zero (indicating symmetry, as at equilibrium). For the FP of P xy we observe a growth in α τ , as a consequence of the asymmetry of the FP around its central point,
indicating that the approach to the peak is steeper than the departure from it. At a certain timê τ > 0, α τ starts to decrease in connection to the decay of the correlations. Indeed, due to the high values of the selected thresholds, t r − t d is small, so that the time interval between the approaching and departing paths is only a little larger than 2τ , and ατ of the average FP's occurs at a time when the autocorrelation has decayed to C (P xy , 2τ ) ≈ 1/3 C (P xy , 0), where the autocorrelation is defined as : the FP differ slightly; further to this, these oscillations do not appear to be exactly in phase. These results are due to the fact that t d is not exactly equal to t r and t d − t r is different for each peak or trough). The period of these oscillations is the same as the one induced on the dynamics by the sliding brick boundary conditions 1/γ, indicating that the oscillations are due to the periodicity of the algorithm. We need to show that the periodicity has a minimal influence on the degree of asymmetry observed at times close to the threshold crossing. Since these oscillations are completely periodic, it is easy to subtract this effect. In order to do so, we take the first oscillation from time t = −τ to time t = −τ + 1/γ of X t − X and we extend it as a periodic function of period 1/γ up to t = 0. We repeat the same construction taking the last oscillation from time t = τ − 1/γ up to t = τ and we extend it backwards in time (starting from t = τ ) as a periodic function of same period down to t = 0 [13] . it can be seen that qualitatively they do not differ at times close to zero, although the α τ of the FP without the oscillations now decays monotonically to 0 as 1/τ for long τ . Figure 6 shows that this holds for all the high γ's, where the sliding brick condition has significant effects, which indicates that the computed asymmetries are a property of the system and not just an effect of the adopted numerical scheme. The α τ now decay to zero as 1/τ at long τ , as expected. Figure 7 shows peaks for pressure and Figure 8 shows the corresponding α τ 's.
Their behaviour is very similar to that of P xy (except for the sign of the different quantities), confirming asymmetry in this even property. The fact α τ is negative shows that, similarly to the peak FP of P xy , the approach to the peak is steeper than the relaxation from it. Similar results have been obtained with a threshold set to to µ − 1.5σ for P xy and to µ + 1.5σ for pressure.
Conclusions
The departure from zero of the value of the measure of asymmetry, α τ , if the system is away from equilibrium, is a numerical demonstration of asymmetry that occurs in fluctuation paths. This provides evidence for the first time that such behaviours, expected in stochastic nonequilibrium systems, can be found in the most common molecular dynamics representations of shearing fluids. The stochastic description of a physical system is of course a less detailed description than the deterministic microscopic one, which in principle should be obtained by coarse graining of the reversible deterministic dynamics, but which is not reversible anymore. It is therefore of conceptual interest to observe that such a subtle arrow of time can be found in perfectly reversible dynamics. Indeed the temporal asymmetry of FPs in our reversible dynamics is one manifestation of the emergence of macroscopic irreversibility starting from microscopic reversible evolution. Examination of the results shows that the statistical error in our data is small and not qualitatively affected by the computational method. Several open questions remain, which will be investigated in future works, such as the temporal asymmetries in the time-correlation functions (see [14] [15]).
